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Abstract 
Let Z.  be the cyclic group of order n. For a sequence S of elements in Z., we use f (S )  to 
denote the number of subsequences of S that the sum of whose terms is zero. In this paper, we 
determine all sequences S of elements in Z.  for which ~<f(S) / [S l -< l  
1. Introduction 
Let Z. denote the residue class group modulo n. For a sequence S =(al . . . . .  a") of 
Z., let ~S denote YT'= lai • We use A to denote the empty sequence, and define y A =0. 
For any j ~ Z., letf(S; j) denote the number of subsequences T of S such that y~ T=j; if 
j=0,  we shall omit it, and denotef(S;0) byf(S). For m~>0, let f2" denote the set of 
sequences S of Z. with [SI =m. Bulman-Fleming and Wang [1] proved that if S~ £2. 
and f (S)< 2", then f(S)~<2"-t, and characterized all sequences for which equality 
holds. They conjectured that if f (S)<2"-a(S~f2.)  then f(S)~<3×2 "-3 and also 
conjectured a characterization f all sequences for which equality holds. Guichard [-2] 
proved the following generalization of the conjecture. 
Theorem A. Let m~>3, S ~ f2m. l f  f (S)<2 "-1 then f (S)<~3 x 2 "-3 with equality if and 
only if there is an arrangement of S of one of the followin 9forms: 
(0 . . . . .  O, a, a, -a),  
(0 . . . . .  O, a, a , -a , -a ) ,  
where 2a ~ 0. 
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In this paper we shall prove the following result, which implies Theorem A. 
Theorem 1.1. Let m>~2k+ 1 (k )  1), S e f2,.. I f f(S)<((22k-~ + 1)/(3 x 22k- 1)) × 2" then 
f(S)~<((22k+1 + 1)/(3 x 22k+ 1)) x 2" with equality if and only if there is an arrangement 
of S of the form 
0 . . . . .  O, a . . . . .  a, -a  . . . . .  -a ) ,  
e f 
where e , f  and a satisfy one of the following conditions: (1)e>~f>~O, 2a#O, 
e - f -O(mod6) ,  e+f=2k+2,  3a=O or e~<2; (2) e>~f>~O, 2a#O, e- f - _+ l (mod6) ,  
e+f=2k+ 1, 3a=0 or e<~2. 
Taking k = 1 in Theorem 1.1 we get Theorem A. 
We shall prove Theorem 1.1 using the following theorem. 
Theorem 1.2. l f  S e f2,~ and ~ x 2" < f (S)  < 2"- 1, then there is an arrangement of S of 
the form (0 . . . . .  0, a . . . . .  a, -a  . . . . .  -a  ) with e>~J'>~O, 2a:~0, 3a=0 or e~<2, and 
t.....--xg_...._) k Y ) 
e f 
3f(s) 
2m-e-f 
2e+f-}- 2
2e+f + 1 
2e+f__2 
2 e+f -  1 
J~l" e - - f  =- O( mod 6), 
!f e - - f - -  _+ 1 (mod 6), 
/f e - f=-  3 (mod 6), 
if e - f -  +2(mod 6). 
2. Proof of Theorems 1.1 and 1.2 
Proof of Theorem 1.1 using Theorem 1.2. I f f (S)~< 156 x 2", we are done. Otherwise 
!16 x 2"< f (S )< 2" -1  then by Theorem 1.2 there is an arrangement of S of the form 
(0 . . . . .  0, a . . . . .  a, -a  . . . . .  -a )  and 
k Y ) 
e f 
f(S)-= 
2e+I l+ l  
x2"  if e - f - -0 (mod6) ,  3 × 2 e+I -  1 
2 e+f + 1 
3 x 2~+~ x 2" if e- - f -+ l (mod6) ,  
2e+y- 1 _ 1 
× 2" if e - - f - -  3(mod 6), 3 x2e+f  1 
2 e+y-  1 
3 x 2 e+~ x 2" if e - f -  +_ 2(mod 6), 
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but f (S )<( (2  2k-x + 1)/(3 × 2Zk- 1)) X 2 m, therefore f (S )  ~<((2 2k+1 + 1)/(3 × 2/k+l)) × 2" 
with equality if and only if e, f and a satisfy one of the conditions (1) and (2). [] 
To prove Theorem 1.2 we need some preliminaries. 
Lemma 2.1. Let c>0 be a real number, u, j positive integers. Suppose for every i in 
0 <. i <~ j -  l the following inequality holds: 
t--- i (mod j) 
Then for all r >~ u and every i in 0 <~ i <~ j -  1 the following inequality also holds: 
( r ) -<c2L (*)  
t=-i(mod j) 
Proof. By induction on r; clearly, (*)  holds for r =u Then 
~< c2' + cU 
=cU +1 (if x <O or x > y, we take (~)=O). [] 
Lemma 2.2. Let c>O be a real number, j, u positive integers. Suppose for every i in 
0 <~ i <<. j -  1 the following equality holds: 
t -= i (mod j )  
Then for all r >~ u and all s >7 1, the following equality holds: 
Proof. By Lemma 2.1 we have 
z (:) 
J l (t - v) t =- v (rood j )  
=cS r+~. [] 
374 F. Li, W. Gao/ Discrete Mathematics 137 (1995) 371-376 
Lemma 2.3. Let S=(al . . . . .  a,, bl . . . . .  b~) be a sequence of Z.. Let A=(ax .. . . .  a,), 
B = (b 1 . . . . .  b~), and let u =f(B),  h = max{ f(B; k), k ~ Z., k ~ 0}. Then 
f (S) <~ (u -h) f  (A) + h2". 
Proof. Let Boi . . . . .  Bou be all subsequences of B such that 
EBo i=0,  i=  1 . . . . .  u 
and let 
Bl l ,  ..., Bl t l ,  
B21,  . . .  , B2t2 ,  
Bh l  , . . . ,  Bhth 
be all subsequences of B such that y~Bji¢O, 1 <~j<~h, 1 <~i<~tj, l + ... + th=2S-u ,  and 
for every j in 1 <.j<.h, F.Bjl .... ,2Bjtj  are distinct• Put to=U, then 
h, tj 
f (S )= 2 f(A;--2B~,) 
j=O, i= l  
h tj 
j= l  j= l  
h 
<,(u- h)f(A) + 2 f(A; k) 
keZ~ 
=(u-h) f (A)+h2" .  [] 
Lemma 2.4. I f  S~2m and f (S )> 2 "-2, then there is an arrangement of S of the form 
(0, ..., O, a . . . . .  a, - -a,  . . . , -a ) .  
Proof. If the lemma is false, then there is a sequence S=(a I . . . . .  am-2, x, y) such that 
f (S )>2 m-2, and O~x~y~O4x+y,  set A=(a l , . . . ,  am-2), B=(x,y) .  For B, clearly, 
u = h-- 1, then by Lemma 2.3 we get f(S) ~< 2 m- 2. This is a contradiction. [] 
Lemma 2.5. I fS=(O . . . . .  O, a . . . . .  a, -a  . . . . .  -a ) , j  is the order of a, then 
k Y ] 
e f 
s s,=2, e 
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Proof. Put T=(0  . . . . .  0), W=(a . . . . .  a , - -a , . . . , -a ) ,  then f (S )=f (T ) f (W) .  
m-e- f  e f 
X=(a  . . . . .  a, -a  .... , -a ) ;  then E X=0 if and only i f j l (u -v ) ,  hence 
k N(  ) 
tt V 
Let 
Lemma 2.6. Let Lkn,":Zu_v=k(mod 3) (un)(vm)" 
Then 3 L,  k, " = 2" + " + 2 cos ( (n - m -- 2k) n/3). 
Proof. Let og=e 2nI/3 and note that 
2 
otherwise. j=O 
Then we have 
2 
3Lk,,. = ~oj(, v-k )  
V 
u,v j=O 
2 (:)(m) _~. O9 - j k  (.olU(D - j r  
F 
j~O u,v 
2 
----- Z fO-Y'~(1 + Off}n(1 +og- ) )m 
j=O 
= 2" + " + 2" + " + 1 cos" +"(n/3) cos ((n-- m-- 2k) n/3) 
=2"+m + 2cos((n-m-2k)n/3) .  
Proof  of Theorem 1.2. By Lemma 2.4 there exists an arrangement T of S of the form 
T=(0  . . . . .  0, a . . . . .  a , -a  . . . . .  -a )  with e>~f>~O. Let j be the order of a. Since 
f (T )=f (S )  < 2" Y l we have)  >~ 3. If e ~< 2, the theorem can easily be checked irectly. If 
e >/3, we want to prove j = 3; to do this we consider the following cases. 
Case 1: j>~4 and e>~5. Since ~t-=i,nodj)(~) 5 5 2 5 <(3)=~× , then by Lemma 2.2 we 
e f _< 5 2e+f  have ~ j l  tu_~(~) (v)-<,~; x . This with Lemma 2.5 show thatf(S)=f(T)<<_l-f~x2", 
contradict ing f (S )> ~6 x 2". 
Case 2:e=3 and j />4.  By Lemma 2.5 we get 
j r (u-v)  
U 
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5 
=--x2  m " 
16 
Case 3:e=4 and j~>5. Again by Lemma 2.5 we get 
j l (u-v)  
u 
:2.4 ,(4;9 
5 
<~x2 m . 
Case 4. e = 4 and  j = 4. In  this case we have 
j l (u -v)  
5 <i~x2m. 
Therefore, j=3 ,  and by Lemma 2.5 and Lemma 2.6 we get Theorem 1.2 is true. [] 
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